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THE K-PROPERTY FOR SUBADDITIVE EQUILIBRIUM STATES
BENJAMIN CALL, KIHO PARK
Abstract. By generalizing Ledrappier’s criterion [Led77] for the K-property of equilibrium
states, we extend the criterion to subadditive potentials. We apply this result to the singular
value potentials of matrix cocycles, and show that equilibrium states of large classes of singular
value potentials have the K-property.
1. Introduction
Given a continuous potential ϕ : X → R over a dynamical system (X, f), its pressure may be
defined as
P (ϕ) = sup
µ∈M(f)
{
hµ(f) +
∫
ϕdµ
}
and we call the f -invariant measures achieving the supremum equilibrium states. These play an
important role in the study of the dynamical system (X, f). Provided the entropy map µ 7→ hµ(f)
is upper semicontinuous, these equilibrium states exist. However, without further assumptions on
the potential ϕ or the base dynamical system (X, f), their uniqueness is not guaranteed.
On the other hand, in his fundamental work, Bowen [Bow74] established the following result that
guarantees the existence and uniqueness of equilibrium states. Given a potential with a regularity
condition, later named the Bowen property, over an expansive dynamical system with specification,
the system has a unique equilibrium state; see Proposition 2.14 and 2.15 for more details. Such
unique equilibrium states are now well-studied with various known constructions as well as strong
ergodic and statistical properties; see [Bow74, Bow75, Rat73, Rue76, PP90]. An important example
that fits into this framework consists of Hölder potentials over uniformly hyperbolic systems.
Since then, the theory has been extended in mainly two different directions. One direction aims
to relax the uniform hyperbolicity of the base dynamics; see for instance [Kni98, CT16, BCFT18,
CKP20]. The other aims to relax and generalize the assumptions on the potential. In particular,
much attention was recently brought to the subadditive generalization of thermodynamic formalism
due to its applications to the dimension theory of fractals; see for instance [Fal88, Zha97, CP10,
BCH10, FS14, BHR19] and references therewithin. In this paper, we pursue the latter generalization
and study ergodic properties of the subadditive equilibrium states.
Denoting a mixing subshift of finite type by (ΣT , σ) and the full shift by (Σ, σ), consider a
sequence of continuous functions Φ = {logϕn}n∈N on ΣT . We say Φ is subadditive if
logϕm+n ≤ logϕm + logϕn ◦ σm (1.1)
for all m,n ∈ N. Associated to the subadditive potential Φ is the subadditive pressure P (Φ)
introduced by Cao, Feng, and Huang [CFH08] by generalizing the usual definition of the pressure
in thermodynamic formalism; see Section 2. In particular, the subadditive pressure P (Φ) satisfies
the subadditive variational principle [CFH08]:
P (Φ) = sup
µ∈M(σ)
{
hµ(σ) + lim
n→∞
1
n
∫
logϕn dµ
}
. (1.2)
Any σ-invariant measure µ ∈ M(σ) achieving the supremum in (1.2) is called an equilibrium state
of Φ.
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Denoting by L the set of all admissible words of ΣT , we associate to a subadditive potential
Φ = {logϕn}n∈N a function Φ˜ : L → R defined by
Φ˜(I) := sup
x∈[I]
ϕn(x). (1.3)
We say a subadditive potential Φ = {logϕn}n∈N is quasi-multiplicative if there exists c > 0 and
k ∈ N such that for any I, J ∈ L, there exists K ∈ L with |K| ≤ k such that
Φ˜(IKJ) ≥ cΦ˜(I)Φ˜(J).
Quasi-multiplicativity may be thought of as follows: given any two words I, J ∈ L of arbitrary
length, we obtain the inequality opposite to subadditivity (1.1) at a cost of inserting a connecting
word K ∈ L of bounded length in between I and J. Quasi-multiplicativity is a rather mild assump-
tion, and hence it is enjoyed by a large class of subadditive potentials; see Proposition 4.2 and
Proposition 4.11. A particularly important application is that, together with the bounded distor-
tion property, quasi-multiplicativity serves as a sufficient condition to generalize Bowen’s theorem
on the uniqueness of equilibrium states; see Proposition 2.18 for the precise statement.
In this paper we study ergodic properties of unique equilibrium states guaranteed by quasi-
multiplicativity and bounded distortion. Morris [Mor18] recently showed that if the unique equi-
librium states associated to a class of matrix cocycles are totally ergodic, then they are actually
mixing. The main result of this paper is similar in flavor to Morris’s result. However, we work
in a more general class of subadditive potentials, and show that under suitable assumptions, total
ergodicity can be promoted to the K-property, which is stronger than mixing of all orders and
weaker than Bernoulli.
Theorem A. Let Φ = {logϕn}n∈N be a subadditive potential on ΣT , and suppose it is quasi-
multiplicative and has bounded distortion. Suppose further that the unique equilibrium state
µ ∈ M(σ) of Φ guaranteed by Proposition 2.18 is totally ergodic. Then, µ has the K-property.
The remaining results in this paper are obtained by applying Theorem A to GLd(R)-cocycles,
including locally constant cocycles and fiber-bunched cocycles. For any cocycle A : ΣT → GLd(R),
we define its norm potential ΦA = {logϕA,n}n∈N as
ϕA,n(x) := ‖A(σn−1x) . . .A(x)‖.
From the submultiplicativity of the operator norm ‖ · ‖, it is clear that ΦA is subadditive. The
singular value potentials are natural generalizations of the norm potentials; see Section 2 for the
precise definition.
For irreducible locally constant cocyles A : Σ → Md×d(R), it was shown by Feng [Fen09] that
norm potentials ΦA have unique equilibrium states µA ∈M(σ) by establishing quasi-multiplicativity.
Morris [Mor19] then obtained a characterization for µA to be mixing under an extra assumption
that at least one matrix in the image of A is invertible. This assumption is automatically met when
A takes values in GLd(R). We partly reformulate [Mor19, Corollary 3] for GLd(R)-cocycles.
Proposition 1.1. [Mor19, Corollary 3] Suppose A : Σ→ GLd(R) is an irreducible locally constant
cocycle. Then the following are equivalent:
(1) The unique equilibrium state µ is mixing with respect to σ.
(2) The measure µ is ergodic with respect to σd.
Remark 1.2. In both [Mor18] and [Mor19], Morris works with one-sided full shifts only, and so for
brevity, we limit the following result to full shifts, though we expect it to hold for shifts of finite
type. The generalization to two-sided shifts follows from the theory of natural extensions, which
we discuss in Subsection 3.3.
By direct application of Theorem A to norm potentials of irreducible locally constant cocycles
A : Σ→ GLd(R), we may add to the list of equivalent conditions in Proposition 1.1 that µ has the
K-property. This improves the result of Morris.
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Theorem B. Let A : Σ→ GLd(R) be an irreducible locally constant cocycle. Suppose the unique
equilibrium state µA ∈M(σ) of ΦA satisfies any one of the equivalent conditions from Proposition
1.1. Then µA has the K-property.
In Conjecture 2 of [Mor18], Morris conjectured that the natural extension of every totally ergodic
matrix equilibrium state for a certain collection of potentials has the Bernoulli property. Theorem
B establishes partial progress towards this conjecture for the class of norm potentials of GLd(R)
locally constant cocycles, and in Remark 4.3, we discuss how Theorem A applies to all potentials
considered in [Mor18].
The remaining results are concerned with the thermodynamic formalism of α-Hölder and fiber-
bunched cocycles; see Definition 2.8. We denote the space of α-Hölder and fiber-bunched GLd(R)-
cocycles by Cαb (ΣT ,GLd(R)).
Specific to fiber-bunched GL2(R)-cocycles, in [BP19] Butler and the second-named author obtain
a precise description of the equilibrium states for the norm potentials ΦA. In particular, they have a
complete characterization for when the norm potentials ΦA of fiber-bunched GL2(R)-cocycles A fail
to have unique equilibrium states. By considering all cases depending on the number of equilibrium
states, we show that all equilibrium states of fiber-bunched GL2(R)-cocycles have the K-property.
Theorem C. Let A : ΣT → GL2(R) be a Hölder continuous and fiber-bunched cocycle. Then
every ergodic equilibrium state of ΦA has the K-property.
The final result of this paper applies to a large subset of fiber-bunched cocycles and their sin-
gular value potentials. More specifically, Bonatti and Viana [BV04] introduced a notion of typical
cocycles among Cαb (ΣT ,GLd(R)) and established that typicality serves as a sufficient condition for
the simplicity of Lyapunov exponents with respect to any ergodic measures with continuous local
product structure. Additionally, they showed that the set of typical cocycles is open and dense in
Cαb (ΣT ,GLd(R)); see Definition 2.12 for the precise formulation of the typicality assumption.
In [Par20, Theorem B], the second-named author shows that for any s ∈ [0,∞) the singular value
potentials ΦsA of typical cocycles A have unique equilibrium states µA,s ∈ M(σ). By verifying the
assumptions in Theorem A, we show that such equilibrium states µA,s have the K-property:
Theorem D. Let A : ΣT → GLd(R) be a Hölder continuous and fiber-bunched cocycle. If A is
typical, then for any s ∈ [0,∞) the unique equilibrium state µA,s ∈ M(σ) of ΦsA has theK-property.
We remark that unlike Theorem B and C where our results only apply to norm potentials ΦA,
the typicality assumption in Theorem D allows us to apply it to singular value potentials ΦsA for
all s ∈ [0,∞).
In Section 2, we introduce and survey relevant preliminary results. In Section 3, we establish
sufficient criteria for the K-property in the subadditive setting. Then we prove the main theorems
in Section 4.
2. Preliminaries
Throughout, X is a compact metric space, f : X → X is a homeomorphism, and M(f) denotes
the set of all f -invariant probability measures.
2.1. Mixing properties of invariant measures. Although many of the results in this paper are
concerned with the K-property, we make use of various mixing properties along the way. We give
a brief introduction to the ones that we will use, in increasing order of strength. In many cases,
there are many equivalent formulations of these definitions which we lack the space to include. For
a more comprehensive discussion on various mixing properties, we refer the readers to [Pet83]
Definition 2.1. A measure-preserving transformation (X, f, µ) is totally ergodic if (X, fn, µ) is
ergodic for all n ∈ N.
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Definition 2.2. We say µ ∈ M(f) is weakly mixing if for all measurable subsets A,B ⊆ X , there
exists E ⊂ N with upper density d¯(E) = 0 such that for n /∈ E,
lim
n→∞
µ(fnA ∩B) = µ(A)µ(B).
Observe from this definition that if µ is weak mixing, then it is totally ergodic. The following is
a now classical result that we will also make use of periodically.
Proposition 2.3. (X, f, µ) is weak mixing if and only if (X ×X, f × f, µ× µ) is ergodic.
Finally, we introduce the K-property. There are a myriad number of equivalent formulations,
for details of which we refer to [CFS82].
Definition 2.4. Let (X,B, µ) be a probability space, and let f be a measure-preserving invertible
transformation of (X,B, µ) The system has the Kolmogorov property, or simply the K-property, if
there exists a sub-σ-algebra K ⊂ B satisfying K ⊂ fK,
∞∨
i=0
f iK = B, and
∞⋂
i=0
f−iK = {∅, X}.
An equivalent definition of independent interest is that of completely positive entropy.
Proposition 2.5. A measure µ ∈ M(f) has the K-property if and only if it has completely positive
entropy, that is, there are no non-trivial zero entropy factors.
Remark 2.6. In particular, any K-system has positive measure-theoretic entropy.
We say a system (X, f, µ) is Bernoulli if it is measurably isomorphic to a Bernoulli shift. Without
too much difficulty, one can use the above definition to show that every Bernoulli system is K.
2.2. Base dynamical system. Let T be a q × q square-matrix with entries in {0, 1}. We define
ΣT ⊂ {1, · · · , q}Z to be the set of all bi-infinite sequences of q symbols such that ij is a word
for 1 ≤ i, j ≤ q if and only if Tij = 1. An admissible word of length n is a word i0 . . . in−1 with
ij ∈ {1, . . . , q} such that Tij ,ij+1 = 1 for all 0 ≤ j ≤ n− 2. Let L be the collection of all admissible
words. For I ∈ L, we denote its length by |I|. For each n ∈ N, let L(n) ⊂ L be the set of all
admissible words of length n. For any I = i0 . . . in−1 ∈ L(n), we define the associated cylinder by
[I] = [i0 . . . in−1] := {y ∈ ΣT : yj = ij for all 0 ≤ j ≤ n− 1}.
We endow ΣT with the metric d defined as follows: for x = (xi)i∈Z, y = (yi)i∈Z ∈ ΣT , we have
d(x, y) = 2−k,
where k is the largest integer such that xi = yi for all |i| < k. Equipped with such a metric, the
left shift operator σ becomes a hyperbolic homeomorphism of a compact metric space ΣT . Given
x ∈ ΣT , the local stable set of x is
Wsloc(x) = {y ∈ ΣT | xi = yi for i ≥ 0}
and analogously, the local unstable set of x is
Wuloc(x) = {y ∈ ΣT | xi = yi for i ≤ 0}.
These local stable and unstable sets extend to define global stable and unstable sets Ws/u(x),
respectively, in the standard manner.
Finally, we will always assume that the adjacency matrix T is primitive, meaning that there
exists N > 0 such that all entries of TN are positive. The primitivity of T is equivalent to (ΣT , σ)
being topologically mixing.
THE K-PROPERTY FOR SUBADDITIVE EQUILIBRIUM STATES 5
2.3. Linear cocycles. To any A : ΣT →Md×d(R) and n ∈ N, we define
An(x) := A(σn−1x) . . .A(x).
It is clear from the definition that the following cocycle equation holds:
An+m(x) := An(σmx)Am(x) for all n,m ∈ N.
When the image of A is a subset of GLd(R), we define A0(·) ≡ I and A−n(x) :=
(An(σ−nx))−1
for n ∈ N so that the cocycle equation holds for all n,m ∈ Z.
We now introduce two classes of cocycles appearing in Theorems B, C, and D. First is the class
of locally constant cocycles. A locally constant cocycle A is a cocycle whose generator A is locally
constant. If A : ΣT →Md×d(R) is locally constant, then from the compactness of ΣT , there exists
k ∈ N such that A(x) depends only on the word x−k . . . xk ∈ L(2k+1) for every x = (xi)i∈Z ∈ ΣT .
For any locally constant GLd(R)-valued function A on ΣT , there exists a recoding of ΣT to another
subshift of finite type ΣS such that A is carried to a GLd(R)-valued function on ΣS depending only
on the 0-th entry x0 of x = (xi)i∈Z ∈ ΣS .
Remark 2.7. For simplicity, we assume that all locally constant cocycles considered in this paper
depend only on the 0-th entry.
The second class consists of fiber-bunched cocycles:
Definition 2.8. An α-Hölder cocycle A ∈ Cα(ΣT ,GLd(R)) is fiber-bunched if for every x ∈ ΣT ,
‖A(x)‖ · ‖A(x)−1‖ < 2α.
Clearly, conformal cocycles are fiber-bunched. Moreover, small perturbations of conformal cocy-
cles are also fiber-bunched; in fact, fiber-bunched cocycles may be thought of as nearly conformal
cocycles. We denote the set of α-Hölder and fiber-bunched cocycles by Cαb (ΣT ,GLd(R)). From the
definition Cαb (ΣT ,GLd(R)), is an open subset of C
α(ΣT ,GLd(R)).
The fiber-bunching assumption is mainly used for the convergence of the canonical stable/unstable
holonomy H
s/u
x,y : for any y ∈ Ws/u(x),
Hsx,y := limn→∞
An(y)−1An(x) and Hux,y := limn→−∞A
n(y)−1An(x). (2.1)
Moreover, the canonical holonomies vary Hölder continuously in the basepoints x, y ∈ ΣT with
y ∈ Ws/uloc (x): there exists C > 0 such that
‖Hs/ux,y − I‖ ≤ C · d(x, y)α. (2.2)
See [KS13] for further details.
It can be easily checked that the canonical stable holonomiesHsx,y satisfy the following properties:
(1) Hsx,x = I and H
s
y,z ◦Hsx,y = Hsx,z for any y, z ∈ Wsloc(x),
(2) A(x) = Hsσy,σx ◦ A(y) ◦Hsx,y,
(3) Hs : (x, y) 7→ Hsx,y is continuous.
Likewise, the canonical unstable holonomies Hux,y satisfy the analogous properties.
Remark 2.9. We note that while fiber-bunching is a sufficient condition for the convergence of
the canonical holonomies in (2.1), it is not necessary. For instance, locally constant cocycles are
not necessarily fiber-bunched, but the expression for the canonical holonomies in (2.1) trivially
converges to the identity for any y ∈ Ws/uloc (x).
We now formulate the typicality assumption appearing in Theorem D. Consider any periodic
point p ∈ ΣT and a homoclinic point z ∈ Ws(p)∩Wu(p) \ {p}. We define the holonomy loop ψzp as
the composition of the unstable holonomy from p to z and the stable holonomy from z to p:
ψzp := H
s
z,p ◦Hup,z.
The following definition is a slight variation of typicality first introduced in [BV04]; this version
of typicality is identical to the definition which appeared in [Par20].
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Definition 2.10. Let A ∈ Cαb (ΣT ,GLd(R)) be a fiber-bunched cocycle and Hs/u be its canonical
holonomies. We say that A is 1-typical if it satisfies the following two extra conditions:
(1) there exists a periodic point p such that P := Aper(p)(p) has simple real eigenvalues of
distinct norms. Let {vi}1≤i≤d be the eigenvectors of P .
(2) there exists a homoclinic point z of p such that ψzp twists the eigendirections of P into
general position: for any 1 ≤ i, j ≤ d, the image ψzp(vi) does not lie in any hyperplane Wj
spanned by all eigenvectors of P other than vj . Equivalently, the coefficients ci,j in
ψzp(vi) =
∑
1≤j≤d
ci,jvj ,
are nonzero for all 1 ≤ i, j ≤ d.
These two conditions in the above definition are often called pinching and twisting, respectively.
For each 1 ≤ t ≤ d, we denote by A∧t the action of A on the exterior product (Rd)∧t. Then the
exterior product cocycles A∧t, t ∈ {1, . . . , d}, also admit stable and unstable holonomies, namely
(Hs/u)∧t. So, for a 1-typical function A, we consider similar conditions appearing in Definition 2.10
on A∧t.
Definition 2.11. Let A ∈ Cαb (ΣT ,GLd(R)) be 1-typical. For 2 ≤ t ≤ d− 1, we say A is t-typical
if the same points p, z ∈ ΣT from Definition 2.10 satisfy
(1) all the products of t distinct eigenvalues of P are distinct;
(2) the induced map (ψzp)
∧t on (Rd)∧t satisfies the corresponding twisting condition to that
given by Definition 2.10 with respect to the eigenvectors {vi1 ∧ . . .∧vit}1≤i1<...<it≤d of P∧t.
Definition 2.12. We say A ∈ Cαb (ΣT ,GLd(R)) is typical if A is t-typical for all 1 ≤ t ≤ d− 1.
Remark 2.13. Typicality was first introduced by Bonatti and Viana [BV04] for fiber-bunched
SLd(R)-cocycles as a sufficient condition to guarantee the simplicity of Lyapunov exponents with
respect to any ergodic invariant measures with continuous local product structure and full support.
They also showed that the set of typical cocycles is open and dense in Cαb (ΣT , SLd(R)) and this
property easily generalizes to fiber-bunched GLd(R)-cocycles.
The pinching and twisting assumptions of typicality are designed to replicate the effects of
proximality and strong irreducibility from Furstenberg’s theorem [Fur63] on positivity of the top
Lyapunov exponent.
2.4. Thermodynamic Formalism. In this section, we will introduce some of the key ideas of
both additive and subadditive thermodynamic formalism that we will use. For shorthand, we will
often refer to the metric
dn(x, y) := max
0≤i≤n−1
d(f ix, f iy)
and to Bowen balls
Bn(x, ε) := {y ∈ X | dn(x, y) ≤ ε}.
For any n ∈ N and ε > 0, E ⊂ X is (n, ε)-separated if given x, y ∈ E, dn(x, y) ≥ ε. Such a set is
maximally (n, ε)-separated if for any z /∈ E, dn(x, z) ≤ ε for some x ∈ E.
Whenever we look at at a product space, we take the metric to be the maximum of the distance
in each coordinate:
d((x1, y1), (x2, y2)) := max{d(x1, x2), d(y1, y2)}. (2.3)
As mentioned in the introduction, we are interested in studying mixing properties of unique
equilibrium states. One of the “ideal” results is the following, a proof of which can be found in
[Bow75, Theorem 4.1].
Proposition 2.14. Let f : X → X be a transitive Anosov homeomorphism, and let ϕ : X → R be a
Hölder continuous potential. Then ϕ has a unique equilibrium state µ ∈ M(f), and µ is Bernoulli.
THE K-PROPERTY FOR SUBADDITIVE EQUILIBRIUM STATES 7
The proof of this relies on the construction of a Markov coding, which in turn establishes the
Bernoulli property. In general, however, the existence, uniqueness, as well as the mixing proper-
ties of equilibrium states are not well-known. While the existence of equilibrium states is often
guaranteed under mild conditions such as entropy expansivity which implies upper semi-continuity
of the entropy map [Bow72, Mis76] or C∞-smoothness of the system [Buz97], other properties of
equilibrium states are harder to come by.
Even when uniqueness is guaranteed, the equilibrium states may not have strong mixing proper-
ties as in Proposition 2.14. For instance, Bowen has shown the following theorem which guarantees
uniqueness of equilibrium states, but stops short of showing the Bernoulli property.
Proposition 2.15. [Bow74] Let f : X → X be expansive and have specification, and suppose that
ϕ : X → R has the Bowen property, that is, for all ε > 0, there exists K such that for all n ∈ N
and x ∈ X,
sup
{∣∣∣∣∣
n−1∑
i=0
ϕ(f ix)− ϕ(f iy)
∣∣∣∣∣ : dn(x, y) ≤ ε
}
≤ K.
Then there is a unique equilibrium state for ϕ.
Ledrappier then showed that these equilibrium states have the K-property by means of the
following proposition.
Proposition 2.16. [Led77, Proposition 1.4] Let (X, f) be asymptotically entropy expansive and
let ϕ : X → R be continuous. Suppose that (X ×X, f × f) has a unique equilibrium state for the
potential Φ(x, y) = ϕ(x) + ϕ(y). Then the unique equilibrium state for ϕ has the K-property.
We now present some definitions and results in subadditive thermodynamic formalism that are
already known. Consider a sequence of continuous functions Φ = {logϕn}n∈N on (X, f). We say Φ
is subadditive if
logϕm+n ≤ logϕm + logϕn ◦ fm (2.4)
for all m,n ∈ N.
A subadditive potential is a natural generalization of the Birkhoff sum of an additive potential
in the following sense: given a continuous potential ϕ : X → R and denoting its n-th Birkhoff sum
by Snϕ, we obtain an equality in (2.4) if we replace each logϕn by Snϕ.
Then following the definition of [CFH08], we define the topological pressure of Φ as
P (Φ) = lim
ε→0
lim sup
n→∞
1
n
log sup
{∑
x∈E
ϕn(x) | E ⊂ X is (n, ε)-separated
}
.
The convergence of the limit is guaranteed by the subadditivity of Φ.
There is another definition for the subadditive pressure introduced by Barreira [Bar96] using
open covers. While it is not known whether two notions of the subadditive pressure coincide in the
most general situations, they are shown to be equal when the entropy map µ 7→ hµ(f) is upper
semi-continuous [CFH08], which is true in our setting.
As mentioned in the introduction, it was shown in [CFH08] that the subadditive pressure satisfies
the following variational principle: if (X, f) has finite topological entropy, then
P (Φ) = sup
µ∈M(f)
Pµ(Φ)
where Pµ(Φ) := hµ(σ) + lim
n→∞
1
n
∫
logϕn dµ. Similar to additive potentials, the existence of equi-
librium states for subadditive potentials can be guaranteed by mild conditions on the base such as
the upper semi-continuity of the entropy map. However, the questions on uniqueness and mixing
properties are more subtle.
We also will make use of the subadditive versions of the Gibbs property as well as the bounded
distortion property. A probability measure µ on X has the subadditive Gibbs property with respect
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to Φ if for any ε > 0 there exists C ≥ 1 such that for all x ∈ X and n ≥ 0,
C−1 ≤ µ(Bn(x, ε))
e−nP (Φ)ϕn(x)
≤ C. (2.5)
A subadditive potential Φ = {logϕn} on X has bounded distortion if there exists C ≥ 1 such that
for all ε > 0 sufficiently small, x ∈ X , n ∈ N, and y, z ∈ Bn(x, ε), we have
C−1 ≤ ϕn(y)
ϕn(z)
≤ C. (2.6)
Remark 2.17. This is a stronger property than that referred to in [CFH08], and should be thought
of as analogous to the Bowen property for additive potentials in Proposition 2.15
While Bowen’s theorem 2.15 does not extend directly to general subadditive potentials, it does
generalize to quasi-multiplicative subadditive potentials over uniformly hyperbolic base dynamics:
Proposition 2.18. [Fen11, Theorem 5.5] Let Φ = {logϕn}n∈N be a subadditive potential over
(ΣT , σ) with bounded distortion. If Φ is quasi-multiplicative, then Φ has a unique equilibrium state
µ ∈ M(σ). Moreover, µ has the subadditive Gibbs property: there exists C ≥ 1 such that for any
n ∈ N, I ∈ L(n), and x ∈ [I],
C−1 ≤ µ([I])
e−nP (Φ)ϕn(x)
≤ C. (2.7)
We note that the original setting of [Fen11, Theorem 5.5] deals with quasi-multiplicative func-
tions on the set of admissible words L, while Proposition 2.18 considers more general subadditive
potentials. However, such a generalization is rather trivial using the bounded distortion property:
we may treat Φ like a function on L via (1.3) and apply the result of [Fen11]. Another such instance
can be found in the proof of Lemma 4.1. Moreover, the subadditive Gibbs property of µA from
Proposition 2.18 will play a crucial role in establishing our results.
2.5. Singular value potentials and previously known results. In this subsection, we intro-
duce a specific class of subadditive potentials known as the singular value potentials arising from
matrix cocycles. Since all of our results deal with the singular value potentials over subshifts of
finite type (ΣT , σ), we assume that our base dynamic is (ΣT , σ) throughout the subsection.
The singular values of A ∈ Md×d(R) are eigenvalues of
√
A∗A. We define the singular value
function ϕs : Md×d(R)→ R with parameter s ≥ 0 as follows:
ϕs(A) =
{
α1(A) . . . α⌊s⌋(A)α⌈s⌉(A)
{s} 0 ≤ s ≤ d,
| det(A)|s/d s > d,
where α1(A) ≥ . . . ≥ αd(A) ≥ 0 are the singular values of A. The function (A, s) 7→ ϕs(A) is
upper semi-continuous, and has a discontinuity at s = k ∈ N only if there is a jump in the singular
values of the form αk−1(A) > αk(A) = 0. In particular, if A takes values in GLd(R), then ϕ
s(A) is
continuous in both A and s.
For each s ∈ R+, the singular value potential is defined by ΦsA := {logϕsA,n}n∈N where
ϕsA,n(x) := ϕ
s(An(x)).
As ϕs is submultiplicative for all s, it follows that ΦsA is a subadditive potential on ΣT . In the case
where s = 1, Φ1A coincides with the norm potential ΦA introduced in the introduction. We end this
section with a few remarks on the singular value potentials.
Remark 2.19. The bounded distortion (2.6) holds for all norm potentials ΦA and singular value
potentials ΦsA considered in our results. If A is locally constant, then we may take C = 1 from
(2.6). For fiber-bunched cocycles A ∈ Cαb (ΣT ,GLd(R)), the bounded distortion follows from the
Hölder continuity of the canonical holonomies (2.2).
THE K-PROPERTY FOR SUBADDITIVE EQUILIBRIUM STATES 9
Remark 2.20. We observe that equilibrium states are preserved under a continuous conjugacy. More
specifically, we say A ∈ C(ΣT ,GLd(R)) is continuously conjugated to another GLd(R)-cocycle B
if there exists C ∈ C(ΣT ,GLd(R)) such that B(x) = C−1(σx)A(x)C(x). This follows from the
subadditive variational principle (1.2) and the fact that the norm ‖C(x)‖ is uniformly bounded
from the compactness of ΣT .
3. Subadditive Thermodynamic Formalism and the K-property
Many of the techniques and results in thermodynamic formalism necessary for our proof of
Theorem A hold in general settings; as such, we set them apart here. We first show that under some
general conditions, ergodicity and the Gibbs property of an equilibrium state implies uniqueness. We
then establish Ledrappier’s criterion in the subadditive setting. These combine to prove a general
result which shows that in our setting, weak mixing is equivalent to the K-property. Throughout
this section, we will consider (X, f) to be an expansive homeomorphism on a compact metric space.
3.1. Uniqueness of Equilibrium States. In this subsection, we establish sufficient conditions
for subadditive equilibrium states to be unique, based on [Bow74]. In doing so, we will need to
make use of the Kolmogorov-Sinai entropy of a transformation. For any measure ν on X and any
finite partition ξ of X , define
Hν(ξ) = −
∑
A∈ξ
ν(A) log ν(A)
and
hν(f, ξ) := lim
n→∞
1
n
Hν(
n−1∨
i=0
f−iξ) = inf
n→∞
1
n
Hν(
n−1∨
i=0
f−iξ) (3.1)
where the infimum is due to subadditivity. Then the Kolmogorov-Sinai entropy of ν is defined by
hν(f) = sup
finite partitions ξ
hν(f, ξ).
By Sinai’s theorem, if a partition ξ generates the Borel σ-algebra, then hν(f) = hν(f, ξ).
Lemma 3.1. Let Φ = {logϕn}n∈N be a subadditive potential on X with bounded distortion as in
(2.6) and suppose η ∈M(f) is an ergodic equilibrium state of Φ with the subadditive Gibbs property
(2.5). Then η is the unique equilibrium state of Φ.
Proof. We follow the proof of [Bow74, Lemma 8] closely. Assume for the sake of contradiction that
ν ∈ M(f) is an ergodic equilibrium state not equal to η. Then ν and η are mutually singular, and
so there exists a (ν + η)-measurable set B ⊂ X such that f(B) = B, η(B) = 0 and ν(B) = 1. For
instance, we could take B to be the set of generic points for ν.
Let 4ε > 0 be smaller than the expansivity constant of (X, f) and small enough for bounded
distortion (2.6) to hold. For each n ∈ N we fix a maximal (n, 2ε)-separated set En ⊂ X . Then we
fix an adapted partition ξn := {Ax : x ∈ En} of X such that Bn(x, ε) ⊆ Ax ⊆ Bn(x, 2ε) for each
x ∈ En.
In order to make use of the expansivity assumption, define for all n, the partition Ωn := f
[n/2]ξn
and denote the element of Ωn containing y ∈ X by ωn(y). From the construction of Ωn, for any
y ∈ X there exists some x ∈ En such that Bn(x, ε) ⊆ f−[n/2]ωn(y) ⊆ Bn(x, 2ε). It then follows
that f−[n/2]ωn(y) ⊆ Bn(y, 4ε). Therefore expansivity gives
⋂
n∈N
ωn(y) = {y} for all y ∈ X , and by
[CT16, Lemma 5.10] there exists a sequence {Cn}n∈N where Cn is a union of elements of Ωn such
that lim
n→∞
(ν + η)(Cn △ B)→ 0. Since B is f -invariant, setting
Un := f−[n/2]Cn ⊆ ξn,
we have (ν + η)(Un △ B) → 0. From the assumptions on B, this is equivalent to η(Un) → 0 and
ν(Un)→ 1.
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As (X, f) is expansive, ξn is a generator under f
n by observing that given y, z ∈ ⋂
k∈Z
fknBn(xk, 2ε)
for some {xk}k∈Z ⊂ X , we have that d(fky, fkz) ≤ 4ε for all k ∈ Z. Consequently,
nhν(f) = hν(f
n) = hν(f
n, ξn) ≤ Hν(ξn)
where the last inequality is from (3.1). Moreover, from the subadditivity of Φ, we have
lim
k→∞
1
k
∫
logϕk dν = inf
k→∞
1
k
∫
logϕn dν ≤ 1
n
∫
logϕn dν
for each n ∈ N. Hence,
nP (Φ) = n
(
hν(f) + lim
k→∞
1
k
∫
logϕk dν
)
≤ Hν(ξn) +
∫
logϕn dν
=
∑
Ax∈ξn
(
− ν(Ax) log ν(Ax) +
∫
logϕn · χAx dν
)
.
Let C be the constant given by the bounded distortion (2.6) on Φ. Then∫
logϕn · χAx dν ≤ ν(Ax)
(
C + logϕn(x)
)
for all n sufficiently large. In particular, we have
nP (Φ) ≤ C +
∑
Ax∈Un
ν(Ax)
(
− log ν(Ax) + logϕn(x)
)
+
∑
Ax∩Un=∅
ν(Ax)
(
− log ν(Ax) + logϕn(x)
)
.
Applying a Jensen-type inequality (see [Bow74, Lemma 7]) to each sum, we have
nP (Φ)− C ≤ 2C∗ + ν(Un) log
( ∑
Ax∈Un
ϕn(x)
)
+ ν(Ucn) log
 ∑
Ax∩Un=∅
ϕn(x)
 ,
where C∗ := max
t∈[0,1]
−t log t.
Let C0 be the constant from the subadditive Gibbs property (2.5) of η. Then after rearranging
the terms, we have
−2C∗ − C ≤ ν(Un)
(
log
∑
Ax∈Un
ϕn(x)e
−nP (Φ)
)
+ ν(Ucn) log
 ∑
Ax∩Un=∅
ϕn(x)e
−nP (Φ)

≤ ν(Un) log(C0η(Un)) + ν(Ucn) log(C0η(Ucn))
= logC0 + ν(Un) log η(Un) + ν(Ucn) log η(Ucn).
This, however, is a contradiction because as we send n → ∞, the lower bound −2C∗ − C is
independent of n ∈ N while ν(Un) log η(Un) → −∞ and ν(Ucn) log η(Ucn) → 0. Hence, ν cannot be
an equilibrium state of Φ. 
3.2. Subadditive generalization of Ledrappier’s criterion.
Lemma 3.2. For any subadditive potential Φ = {logϕn}n∈N on (X, f), consider a sequence of
continuous functions Ψ = {logψn}n∈N on (X ×X, f × f) defined by
ψn(x, y) := ϕn(x) · ϕn(y). (3.2)
Then Ψ is subadditive and P (Ψ) = 2P (Φ).
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Proof. Subadditivity of Ψ follows immediately: as for all n,m ∈ N,
logψn+m(x, y) = logϕn+m(x) + logϕn+m(y)
≤ logϕn(x) + logϕn ◦ fm(x) + logϕn(y) + logϕn ◦ fm(y)
= logψn(x, y) + logψn(f
mx, fmy).
For the second statement, let µ be an equilibrium state for Φ. Then µ× µ ∈M(f × f), and we
also have
Pµ×µ(Ψ) = hµ×µ(f × f) + lim
n→∞
1
n
∫
logψn dµ× µ = 2hµ(f) + 2 lim
n→∞
1
n
∫
logϕn dµ = 2Pµ(Φ).
Therefore, by the variational principle (1.2), we see that P (Ψ) ≥ 2P (Φ).
For the reverse direction, we again proceed by the variational principle. Let ν ∈ M(f × f)
be arbitrary, and write ν1 and ν2 to be the projections of ν onto the first and second coordinate,
respectively. Each νi is a f -invariant measure on X . An elementary calculation shows that hν(f ×
f) ≤ hν1(f) + hν2(f) (see for instance, [Dow11, Fact 4.4.3]), and
lim
n→∞
1
n
∫
logψn dν = lim
n→∞
1
n
(∫
logϕn dν1 +
∫
logϕn dν2
)
.
Therefore,
Pν(Ψ) ≤ hν1(f) + lim
n→∞
1
n
∫
logϕn dν1 + hν2(f) + lim
n→∞
1
n
∫
logϕn dν2 ≤ 2P (Φ).

We immediately have the following corollary:
Corollary 3.3. If µ ∈M(f) is an equilibrium state for Φ, then µ×µ ∈ M(f×f) is an equilibrium
state for Ψ.
We can now state the subadditive generalization of Proposition 2.16 for establishing the K-
property. Recall that we call a measure µ is K if and only if it has no nontrivial zero entropy
factors. Equivalently, the maximal zero entropy factor, called the Pinsker factor, is trivial.
Proposition 3.4. Let Φ = {logϕn}n∈N be a subadditive potential on X with unique equilibrum
state µ ∈ M(f). If µ × µ ∈ M(f × f) is the unique equilibrium state for Ψ, then µ has the
K-property.
Proof. We follow the original proof of Ledrappier, and prove the contrapositive. Let µ ∈ M(f) be
the unique equilibrium state for Φ, and suppose it is not K. Then the Pinsker factor Π for µ is
non-trivial. We therefore can define m ∈M(f × f) different from µ× µ to be
m(A×A′) =
∫
A
E[χA′ | Π] dµ
for all measurable A,A′ ⊂ X . To see this is different from µ× µ, take A to be Π-measurable, and
observe that m(A×A) = µ(A) 6= µ(A)2 = (µ× µ)(A×A). For those familiar with joinings, this is
the relatively independent self-joining of µ over Π.
The entropy calculation from [Led77] is purely dependent on the measure, and so is unaffected by
the subadditive setting. Hence, hm(f × f) = 2hµ(f). Now because m(A×X) = m(X×A) = µ(A),
and ψ is is defined independently in each coordinate, we observe that for all n ∈ N,
∫
logψn dm =
2
∫
logϕn dµ. Therefore,
Pm(Ψ) = hm(f × f) + lim
n→∞
1
n
∫
logψn dm = 2hµ(f) + 2 lim
n→∞
1
n
∫
logϕn dµ = 2Pµ(Φ) = 2P (Φ).
Hence, m is an equilibrium state for Ψ inM(f ×f), as is µ×µ. So there exist multiple equilibrium
states for the product system. 
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Now, recall from Proposition 2.3 that a measure µ ∈ M(f) is weak mixing if and only if µ×µ ∈
M(f × f) is ergodic. Using this fact, we obtain the following theorem:
Theorem 3.5. Let (X, f) be an expansive homeomorphism on a compact metric space and Φ =
{logϕn}n∈N be a subadditive potential on X with bounded distortion (2.6). Suppose η ∈ M(f) is
a weak mixing equilibrium state of Φ with the subadditive Gibbs property (2.5). Then η has the
K-property.
Proof. First, as η is a weak mixing equilibrium state, η×η is an ergodic equilibrium state. Therefore,
if we can show Lemma 3.1 holds for the system (X ×X, f × f) with potential Ψ defined as (3.2),
then it follows that η × η is the unique equilibrium state. Therefore, by the subadditive version of
Ledrappier’s criterion, it immediately follows that η is K.
We now verify the assumptions in Lemma 3.1. First, (X × X, f × f) is still an expansive
homeomorphism on a compact metric space. Thus, we only need to check that Ψ has the bounded
distortion and the subadditive Gibbs property.
Since the metric on our product space is the maximum of the distance in each coordinate (2.3),
it follows that
Bn((x, y), ε) = Bn(x, ε)×Bn(y, ε).
From this, it follows that the subadditive Gibbs property on η and the bounded distortion of Φ
induce the corresponding properties on η × η and Ψ. 
3.3. Relationship between one and two-sided results. Many of the results that we cite (see
for instance, [Mor18, Mor19, Fen09]) are written in the case where the base dynamic is a one-sided
shift. While it is not difficult to see that those that we cite hold in the invertible setting as well, for
completeness, we sketch some of the arguments here. Throughout, let (Σ+T , σ) be a mixing one-sided
shift of finite type, and let (ΣT , σ) be its natural extension, which is a two-sided subshift of finite
type with the same list of forbidden words. Finally, let pi : ΣT → Σ+T be the standard projection
map, taking (xi)i∈Z to (xi)i∈N0 .
The following proposition is a consequence of the definition for the subadditive pressure.
Proposition 3.6. Let Φ be a subadditive potential on (Σ+T , σ), and consider the subadditive potential
Ψ := Φ ◦ pi on (ΣT , σ). Then P (Φ) = P (Ψ).
Since Ψ is defined as Φ◦pi and the entropy is preserved under the natural extension, the following
corollary is immediate from the above proposition.
Corollary 3.7. Let µ be an equilibrium state for (Σ+T , σ) and Φ. Then the natural extension of µ
is an equilibrium state for (ΣT , σ) and Ψ.
Proposition 3.8. There is a unique equilibrium state for a subadditive potential Φ on (Σ+T , σ), if
and only if its natural extension is the unique equilibrium state for Ψ on (ΣT , σ).
Proof. It suffices to show that different equilibrium states for the natural extension project to
different equilibrium states for the one-sided system. That they project to different measures
follows from shift-invariance and the fact that they must differ on some cylinder set. That they
project to equilibrium states follows because Ψ is defined as Φ ◦ pi and the entropy is preserved
under the natural extension. 
Corollary 3.9. For any locally constant cocycle A and s > 0, the natural extension of any equi-
librium state for ΦA over (Σ
+
T , σ) is an equilibrium state for the invertible setting with the same
potential.
Using the classical fact that mixing and ergodicity of natural extensions are equivalent to the
respective properties for the one-sided systems, we see that Proposition 1.1 holds for two-sided
shifts as well.
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4. Proof of main theorems
4.1. Proof of Theorem A. We recall the setting of Theorem A. Let (ΣT , σ) be a mixing subshift
of finite type and Φ = {logϕn}n∈N be a quasi-multiplicative subadditive potential with bounded
distortion. Let µ ∈ M(σ) be the unique equilibrium state for Φ with the Gibbs property from
Proposition 2.18, and suppose that µ is totally ergodic. We wish to show that µ is K. By Theorem
3.5, it suffices to show that µ is weak mixing.
The following proposition is essentially a reformulation of [Mor18, Theorem 5 (ii)]. The setting
there is for norm potentials of irreducible locally constant cocycles; however, the proof generalizes
easily to any quasi-multiplicative subadditive potentials with bounded distortion.
Lemma 4.1. Let Φ = {logϕn}n∈N be a quasi-multiplicative subadditive potential on ΣT with
bounded distortion. Suppose the unique equilibrium state µ ∈ M(σ) of Φ from Proposition 2.18
is totally ergodic. Then µ is mixing.
Proof. The proof of [Mor18, Theorem 5 (ii)] extends without much modification; we only point out
minor modifications required to extend the proof.
From Proposition 2.18, it follows that µ has the Gibbs property (2.7) with constant C0. Recalling
the notation Φ˜ from (1.3) and denoting the constant from the bounded distortion (2.6) of Φ by C1,
for any n ∈ N, I ∈ L(n), and x ∈ [I] we have the following bounds on µ([I])/(e−nP (Φ)Φ˜(I)):
(C0C1)
−1 ≤ C−11 ·
µ([I])
e−nP (Φ)ϕn(x)
≤ µ([I])
e−nP (Φ)Φ˜(I)
≤ C0
Then for any cylinders I, J ∈ L of length n and m, we have for any k > n,
µ([I] ∩ f−k[J]) =
∑
|K|=k−n
IKJ∈L
µ([IKJ])
≤ C0
∑
|K|=k−n
IKJ∈L
e−(k+m)P (Φ)Φ˜(IKJ)
≤ C0
∑
|K|=k−n
IKJ∈L
e−(k+m)P (Φ)Φ˜(I)Φ˜(K)Φ˜(J)
≤ C40C31µ([I])µ([J])
( ∑
|K|=k−n
IKJ∈L
µ([K])
)
≤ C40C31µ([I])µ([J]).
This gives lim sup
k→∞
µ([I] ∩ f−k[J]) ≤ Cµ([I])µ([J]) where C = C40C31 . Using this property together
with total ergodicity of µ, the rest of the proof from here on (i.e., promoting total ergodicity to
weak mixing, and then to mixing) follows that of [Mor18, Theorem 5 (ii)] verbatim. 
Theorem A now follows as an easy consequence of Proposition 2.18 which gives an equilibrium
state with the Gibbs property, Lemma 4.1 which shows that total ergodicity is enough to get weak
mixing, and Theorem 3.5, which lifts these together to K.
4.2. Proof of Theorem B. Suppose A : Σ→ GLd(R) is a locally constant cocycle, and its image
consists of matrices {A1, . . . , Aq}. We say A is irreducible if there does not exist a proper subspace
V ⊂ Rd with AiV = V for every 1 ≤ i ≤ q.
The following result of [Fen09] guarantees the quasi-multiplicativity of the unique equilibrium
state of ΦA under irreducibility:
Proposition 4.2. [Fen09, Proposition 2.8] Let A : Σ→ GLd(R) be a locally constant cocycle. If A
is irreducible, then the norm potential ΦA is quasi-multiplicative and has a unique equilibrium state
µA ∈M(σ).
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Then Theorem B is a direct consequence of Theorem A and Proposition 4.2:
Proof of Theorem B. The norm potentials ΦA of any locally constant cocycles A : Σ → GLd(R)
immediately have bounded distortion with constant C = 1. Irreducibility of A then gives quasi-
multiplicativity of ΦA by Proposition 4.2. Hence, if µA ∈ M(σ) satisfies either of the equivalent
conditions in Proposition 1.1, then µA is mixing which is stronger than total ergodicity, and it then
follows from Theorem A that µA has the K-property. 
We end this subsection with a few related remarks. First, we comment on the difference between
norm potentials considered in Theorem B with similar subadditive potentials considered by Morris.
Remark 4.3. Morris [Mor18, Mor19] works with similar subadditive potentials. He considers locally
constant cocycles A over one-sided full shifts (Σ+, σ), and defines the subadditive pressure of (A, s)
as
P (A, s) = lim
n→∞
1
n
log
( q∑
i1,...,in=1
‖Ain . . . Ai1‖s
)
.
Making this explicit, for all s > 0, the corresponding subadditive potential is given by ΨsA =
{log(ψn)s}, where ψn(x) = ‖An(x)‖. Thus, we see that the subadditive potential (A, 1) in his papers
agrees with the norm potential ΦA, and in fact, (A, s) agrees with the singular value potentials
ΦsA when s ≤ 1. This is not necessarily so when s > 1. Nevertheless, Theorem A applies to
Morris’ subadditive potentials (A, s) for all s. If A is an irreducible locally constant cocycle, then
by Proposition 4.2, ΨsA is quasi-multiplicative, and the bounded distortion condition is satisfied
trivially because it is locally constant. Therefore, if the unique equilibrium state µ of (A, s) is
totally ergodic, then it is K, establishing partial progress towards Conjecture 2 of [Mor18].
Remark 4.4. For irreducible locally constant cocycles, their unique equilibrium states are shown
to possess various ergodic properties depending on the assumptions. Theorem B is one result in
such direction. Another such instance can be found in [Pir18]; Piraino established that under
strong irreduciblity and proximality, the unique equilibrium states are weakly Bernoulli, and so are
isomorphic to a Bernoulli shift.
On the other hand, such equilibrium states are rarely Bernoulli measures on the subshift ΣT .
Morris and Sert [MS19] established a mild assumption that prevents such equilibrium states from
being Bernoulli measures on the subshift ΣT .
4.3. Proof of Theorem C. Let A : ΣT → GL2(R) be a Hölder continuous and fiber-bunched
cocycle. The proof of Theorem C relies on the results of [BP19]. We begin by introducing the
notion of irreducibility for fiber-bunched GLd(R)-cocycles.
Definition 4.5. We say a fiber-bunched cocycle A ∈ Cαb (ΣT ,GLd(R)) is reducible if there exists a
proper A-invariant and Hs/u-invariant sub-bundle. We say A is irreducible if it is not reducible.
Remark 4.6. For fiber-bunched cocycles, irreducibility is a weaker assumption than typicality be-
cause typical cocycles are necessarily irreducible. Additionally, whenever a cocycle is both locally
constant and fiber-bunched, this definition of irreducibility coincides with that of the previous
section.
The following proposition summarizes the results in [BP19]:
Proposition 4.7. [BP19] Let A ∈ Cαb (ΣT ,GL2(R)). If A is irreducible, then ΦA is quasi-
multiplicative, and hence, has a unique equilibrium state µA ∈M(σ).
If A is reducible, then A is Hölder continuously conjugated to another GL2(R)-cocycle B taking
values in the group of upper triangular matrices:
B(x) :=
(
a(x) b(x)
0 c(x)
)
. (4.1)
The set of ergodic equilibrium states of ΦA is a subset of {µlog |a|, µlog |c|} where µlog |τ |, τ ∈ {a, c},
is the unique equilibrium state for log |τ |.
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Moreover, ΦA has two distinct ergodic equilibrium states if and only if
(1) log |a| is not cohomologous to log |c|, and
(2) P (log |a|) = P (log |c|).
Otherwise, ΦA has a unique equilibrium state.
Remark 4.8. In [BP19], it was shown that ΦA has a unique equilibrium state if A is irreducible.
It was done via the dichotomy that either ΦA is quasi-multiplicative or A is Hölder continuously
conjugated into the group of conformal linear transformations. The latter case is clearly also quasi-
multiplicative. Hence, we stated in Proposition 4.7 that ΦA is quasi-multiplicative when A is
irreducible.
Lemma 4.9. If A ∈ Cαb (ΣT ,GL2(R)) is reducible, then all ergodic equilibrium states of ΦA are
Bernoulli.
Proof. Since the set of equilibrium states of ΦA is a subset of {µlog |a|, µlog |c|} from Proposition 4.7
and both µlog |a| and µlog |c| are Bernoulli from Proposition 2.14, our claim follows. 
For each n ∈ N, consider An as a cocycle over (ΣT , σn) and denote the corresponding norm
potential by ΦAn . It can be easily checked from the definition that if A is fiber-bunched over
(ΣT , σ), then so is An over (ΣT , σn).
Lemma 4.10. For any n ∈ N, we have P (ΦAn) = nP (ΦA). Moreover, any equilibrium state
µ ∈ M(σ) of ΦA is an equilibrium state of ΦAn .
Proof. We proceed via the variational principle (1.2). Observe that ϕAn,m = ϕA,mn. Then, we see
that if µ ∈M(σ),
hµ(σ
n) + lim
m→∞
1
m
∫
logϕAn,m dµ = nhµ(σ) + n lim
m→∞
1
mn
∫
logϕA,mn dµ.
Considering µ as a σn-invariant measure, we have just shown that Pµ(ΦAn) = nPµ(ΦA) and the
variational principle implies that nP (ΦA) ≤ P (ΦAn).
For the reverse inequality, take µ ∈ M(σn) and define ν =
n−1∑
i=0
(σi)∗µ
n
. Then ν is σ-invariant,
and furthermore, hµ(σ
n) = hν(σ
n) = nhν(σ). Since A is continuous and ΣT is compact, for any
0 ≤ i ≤ n− 1, two functions logϕAn,m ◦ σi and logϕAn,m are uniformly comparable. Hence,
lim
m→∞
1
m
∫
logϕAn,m ◦ σi dµ = lim
m→∞
1
m
∫
logϕAn,m dµ.
Then it follows that
lim
m→∞
1
mn
∫
logϕA,mndν = lim
m→∞
1
mn
n−1∑
i=0
1
n
∫
logϕAn,m ◦ σi dµ
=
1
n
lim
m→∞
1
m
∫
logϕAn,m dµ.
Therefore, Pµ(ΦAn) = nPν(ΦA). This gives the reverse inequality, and the result follows. That any
equilibrium state of ΦA is an equilibrium state of ΦAn is now a direct consequence. 
We are now ready to prove Theorem C.
Proof of Theorem C. In view of Lemma 4.9 it suffices to focus on irreducible GL2(R)-cocycles. Let
A ∈ Cαb (ΣT ,GL2(R)) be irreducible, and µA ∈ M(σ) be the unique equilibrium state for ΦA from
Proposition 4.7.
We then consider the cocycle A2 over (ΣT , σ2). Noting that Proposition 4.7 also applies to A2,
we divide into two cases depending on the number of equilibrium states of ΦA2 .
Case 1: ΦA2 has a unique equilibrium state.
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Such a unique equilibrium state must be µA by Lemma 4.10. Uniqueness then implies that
(ΣT , σ
2, µA) is ergodic. We claim that in fact, µA is totally ergodic, which by Theorem A, would
imply that µA is K.
Assume not for contradiction. Let n ∈ N be the least integer such that µA is not ergodic with
respect to (ΣT , σ
n). As (ΣT , σ, µA) and (ΣT , σ
2, µA) are ergodic, we know that n ≥ 3. Since An is
still a fiber-bunched GL2(R)-cocycle over (ΣT , σ
n), ΦAn has at most two distinct ergodic equilib-
rium states by Proposition 4.7. Furthermore, in the proof of [Mor19, Theorem 2], Morris showed
that the number of distinct ergodic equilibrium states for ΦAn bounds n. Therefore, 2 ≥ n ≥ 3, a
contradiction.
Case 2: ΦA2 has multiple ergodic equilibrium states. We will show that this case never
happens. Assume for the contradiction that ΦA2 has multiple ergodic equilibrium states. Then
from Proposition 4.7, A2 over (ΣT , σ2) must be reducible and ΦA2 must have two distinct ergodic
equilibrium states µ1 and µ2. In fact, denoting the A2-invariant and Hs/u-invariant line bundle by
L1, consider another line bundle L2 defined by L2(σx) := A(x)L1(x). Since A is irreducible, L2 is
different from L1. We then have L1(σx) = A(x)L2(x) from the A2-invariance of L1, and L2 is also
A2-invariant.
For each x ∈ ΣT , let C(x) ∈ GL2(R) be the unique linear map that takes the standard basis of
R
2 into {L1(x), L2(x)}. Then B(x) := C(σx)−1A(x)C(x) exchanges the coordinate axes of R2, and
hence must be of the form
B(x) =
(
0 a(x)
b(x) 0
)
.
Then B2(x) is the diagonal matrix given by diag(a(σx)b(x), a(x)b(σx)). Since log |a(σx)b(x)| is
cohomologous to log |a(x)b(σx)|, their equilibrium states coincide. In view of Remark 2.20 and
Proposition 4.7, this contradicts the existence of multiple ergodic equilibrium states for ΦA2 . 
4.4. Proof of Theorem D. For any GLd(R)-cocycle A, n ∈ N, and s > 0, similar to the notation
from the previous subsection we denote by ΦsAn the s-singular value potential of An with respect
to (ΣT , σ
n).
The following proposition gives us that the singular value potentials of typical cocycles have
unique equilibrium states:
Proposition 4.11. [Par20, Theorem B] Let A ∈ Cαb (ΣT ,GLd(R)) be an α-Hölder and fiber-bunched
cocycle. If A is typical, then ΦsA is quasi-multiplicative, and hence, has a unique equilibrium state
µA,s ∈M(σ) for every s ∈ [0,∞).
In view of Theorem A and Proposition 4.11, the only missing ingredient in proving Theorem D
is the total ergodicity of µA,s which we establish below. The idea of the proof is similar to that of
[Mor19, Theorem 5 (i)].
Proposition 4.12. Let A ∈ Cαb (ΣT ,GLd(R)) be typical and s ∈ [0,∞). Then the unique equilib-
rium state µA,s ∈M(σ) of ΦsA is totally ergodic.
Proof. For any n ∈ N, An is typical with respect to (ΣT , σn) via the same periodic and the
homoclinic points p and z from the definition of typical cocycles. Applying Proposition 4.11 to
An and (ΣT , σn), ΦsAn has a unique equilibrium state µAn,s ∈ M(σn). In particular, µAn,s is
ergodic with respect to (ΣT , σ
n). From Lemma 4.10 which also applies to ΦsAn , it follows that
µAn,s coincides with µA,s. Hence, µA,s is totally ergodic. 
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